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ABSTRACT A theoretical model is presented for current and voltage clamp of multifiber
bundles in a double sucrose gap. Attention is focused on methodological errors introduced by
the intercellular cleft resistance. The bundle is approximated by a continuous geometry.
Voltage distribution, as a function of radial distance and time, is defined by a parabolic partial
differential equation which is specified for different membrane characteristics. Assuming a
linear membrane, analytical solutions are given for current step and voltage step conditions.
The theoretical relations (based on Bessel functions) may be used to calculate membrane
conductance and capacity from experimental clamp data. The case of a nonlinear membrane
with standard Hodgkin-Huxley kinetics for excitatory Na current is treated assuming
maximum Na conductances (gx,) of 120, 10, and 1 mmho/cm?. Numerical simulations are
presented for potential and current distribution in a bundle of 60 um diameter during
depolarizing voltage steps. Adequate voltage control is restricted to the peripheral fibers of the
bundle whereas the membrane potential of the inner fibers deviates from the command level
during early inward current, tending to the Na equilibrium potential. In the peak current-
voltage diagram the loss of voltage control is reflected by an increased steepness of the negative
region and a decreased slope conductance of the positive region. With gy, = 120 mmho/cm?,
the positive slope conductance is ~25% of the slope expected from ideal space clamping. With
the lower values of gy, the slope conductance ratio is in the order of 50%. Implications of the
results for an experimental voltage clamp analysis of early inward current on multifiber
preparations are discussed.

INTRODUCTION

Recent attempts to use the sucrose gap technique for voltage clamping of cardiac or smooth
muscle bundles have been severely criticized by several authors (Johnson and Lieberman,
1971; Kootsey and Johnson, 1972; Tarr and Trank, 1974, 1976; McGuigan, 1974; Ramoén et
al.,, 1975). The multicellular nature of a bundle implies a number of complications as
compared with a single fiber preparation. A main problem is the presence of an appreciable
extracellular resistance which resides in the intercellular clefts. When a command signal is
applied between the bundle surface and the interior of the cells, the current flow related to the
deeper-lying fibers will produce a voltage drop across the cleft resistance and may cause large
deviations of the transmembrane potential from the command voltage. A quantitative analysis
of the errors induced by the cleft resistance is difficult because of the distributed arrangement
of the extracellular pathways. As a rough approximation, the bundle may be represented by a
single unidimensional cable with a lumped series resistance (Kootsey and Johnson, 1972;
Ramén et al., 1975). A lumped approximation of cleft resistance was also used by Jakobsson
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et al. (1975) who considered a bundle as made up of three coaxial layers of fibers associated
with different extracellular resistances to radial current flow. A more general treatment was
given by Attwell and Cohen (1977) on the basis of a statistical approach. In their model the
preparation was represented by a large number of unidimensional cables in parallel, and the
radial voltage distribution across the bundle during a step clamp was calculated by an
averaging procedure, i.e. the discrete arrangement of fibers and clefts was approximated by a
continuum.

The present paper follows a concept similar to that used by Attwell and Cohen (1977). The
aim of the study is to describe the transmembrane voltage in a bundle as a function of radial
distance and time under voltage or current clamp conditions, and to evaluate the influence of
external parameters (bundle diameter, cleft width, external resistivity) on potential and
current distribution. This is done for the case of a linear membrane and for an active,
nonlinear membrane endowed with a Na kinetics of the Hodgkin-Huxley (1952 ) type. The
case of a linear membrane results in a partial differential equation which is solved by
analytical procedures. The case of an active membrane is described by a set of differential
equations which require numerical computation.

THE THEORETICAL MODEL

The typical features of a multicellular preparation in a double sucrose gap voltage clamp
arrangement are illustrated in Fig. 1A. A short segment in the middle of the bundle is flanked
by two sucrose streams generating an extracellular insulation. This segment is perfused with
the test solution. The two ends of the preparation are immersed in isotonic KCI solution.
Membrane voltage in the test node is controlled by a feedback circuitry. Gross electrodes are
used for voltage recording and current injection. The membrane potential in the test segment
is measured as the transgap potential at one end of the bundle. Controlling current is injected
into all fibers at the other end of the bundle, leaves the fibers by crossing the membranes in the
test node, and is collected by a central electrode. The current leaving the interior fibers passes
through a number of intercellular clefts before it reaches the bundle surface.

For our model the following simplifying assumptions are made. The test node is regarded as
a short segment of a cylindrical bundle (radius @) with well-defined boundaries at the two
ends. Intermixing between sucrose and test solution in the interior of the preparation is
neglected. The sucrose insulation is assumed perfect. The test node is represented by a large
number of parallel fibers of identical shape and membrane properties. It is assumed that the
individual fibers have full bundle length and intercellular connections do not exist. The fibers
are considered to have a hexagonal cross-section; the length of side (b) is half the diameter of
the fibers. The distance between adjacent fibers (d) is constant throughout the preparation.
The intercellular space is filled with a fluid of conductivity g,. In a cross-section of the bundle
the intercellular clefts form a regular network. The external medium is taken as a volume
conductor of zero resistance which is in immediate contact with the outermost layer of fibers.
We assume that the intracellular potential is constant in all fibers and take this to be zero.
Thus the cleft potential is equal and opposite to the membrane potential in its conventional
definition. Membrane current is taken positive if directed inward. Any axial nonuniformity of
potential is ignored, i.e., extracellular current flow is only in a plane normal to the bundle axis.
Technical limitations of the voltage clamp circuit are neglected; the time required for a step
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FIGURE | (A) Multifiber preparation in a double sucrose gap voltage clamp apparatus as designed by
Julian et al. (1962a,b); schematic diagram. S: sucrose partitions; T: test compartment; CA: control
amplifier; V: voltage recording device; E.: command signal; I: operational amplifier in currentometric
mode. For current clamp experiments, the control amplifier is replaced by a constant current source. (B)
Symmetrical current flow through the cleft network. Current strength is i in the main flow direction (from
top to bottom) and i/2 in the other branches of the network. Homologous nodal points are at the same
potential. The voltage gradient between the planes m and n is the same as that between n and o. Equivalent
current density, j, equals i/(lb /3) where ! is the length of the test node.

change in voltage is regarded as infinitesimal. When a command voltage is applied between
the bathing medium and the interior of the cells, adequate voltage control is expected for the
superficial fibers of the bundle. The membrane potential of an interior fiber, however, will
deviate from the command voltage by an amount equal to the voltage drop along any
extracellular pathway connecting the fiber to the bundle surface.

For a calculation of voltage and current distribution in the bundle the truly distributed
structures are transformed into an appropriate continuous system. The procedure is similar to
that employed by Adrian et al. (1969) in their analysis of potential and current spread in the
transverse tubular system of skeletal muscle (cf. Fig. 11 in their paper). First, the network of
the intercellular clefts is converted to an equivalent cylinder and the actual conductivity of the
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extracellular fluid is substituted by an effective conductivity of the bundle as a whole. The
principle is illustrated in Fig. 1 B. We consider the simplified situation that cleft current flow is
symmetrical to one main axis of the hexagonal network, neglecting current sources or sinks.
By a uniform spread of the cleft currents over plane (s) we obtain an equivalent current
density, j, which is related to the cleft potential, E, by

. de,
j= —b—\/ggradE. (1)

The term da,/(b V3) signifies the effective conductivity for continuous current flow, g.
Because any cleft current pattern may be approximated by the sum of three symmetrical
currents related to the three main axis of the hexagonal system, we take Eq. 1 as the general
relation between extracellular current and affiliated field.

To complete the model, membrane currents as the sources of cleft current are incorporated.
A change of the extracellular current along a cleft equals the amount of current entering or
leaving the adjacent fibers. For d « b, the membrane area per unit volume of the bundle is
4/(b +/3). Denoting the membrane current per unit area of cell membrane by

oE
L c %t
’m llon + m at
we obtain
4 JE
- (i 0. 22). :
J e Y (2)
Combining Eqgs. 1 and 2 yields
4 . AF
AE- o (e + € 5): &)

where A is the Laplace operator. Eq. 3 may be considered a simplified version of more general
differential equations describing the spread of potential in three-dimensional syncytia in
which the intracellular space is not isopotential (Eisenberg et al., 1979; Peskoff, 1979a,b).
Assuming a cylindrical symmetry of voltage distribution Eq. 3 may be written

C’"E

62E+ 1 dF 4 (i + 6E)
art " rar do \'™ ’

(4)

where r is the radial distance from the bundle axis. This is the general equation governing the
potential spread in our continuous model. (Note that this relation is independent of the fiber
radius 4.) Formally it is the cylindrical analogue of the one-dimensional cable equation, the
difference being the occurrence of the term 1/r dE /dr on the left-hand side. To give Eq. 4 a
definite meaning the term i, must be specified according to the membrane properties. The
simplest case is i, being a linear function of membrane potential as is expected for small de-
or hyperpolarizations from the resting potential. The ionic current flow through a passive
membrane equals G,u where G,, is the resting membrane conductance and u the displace-
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ment of the membrane potential from its resting value. Eq. 4 then becomes

2 1 0
au+—a—u=k2(u+r-—“),
at

art " rar ®)

where k* = 4G,,/(ds,) and 7 = C,,/G,,. The constant k is analogous to the reciprocal of a
space constant as used in linear cable theory and 7 is the membrane time constant. Eq. 5 is
equivalent to the Adrian et al. (1969) Eq. 9.

RESULTS

Linear Membrane; Steady-State Solution
For a time-independent situation, Eq. 5 reduces to
du ldu

- e A
a2 + Car k*u. (5a)

Setting R = rk we obtain the dimensionless equation

du 1 du

dR° T RAR Y (36)

This is a modified Bessel equation of zero order, and its solutions are given by appropriate
combinations of the Bessel functions I,(R) and K,(R). Because u(R) remains finiteat R = 0,
the solution of Eq. 55 is a multiple of I,(R). If u, is the potential at the surface of the bundle
(r = a), the voltage distribution inside the bundle is given by

,
k) " (5)
“Tak) L@k

u(r)=u (6)
The solution is characterized by the dimensionless parameter (ak) = (2a/ Vd) x VG, /o,
which may be interpreted as the product of two terms representing the morphological and
electrical properties of the preparation, respectively. The larger the numerical value of (ak),
the greater is the voltage inhomogeneity in the interior of the bundle. Assuming fixed values of
G,, and o, the potential distribution, as a function of r /a, is fully determined by the ratio of
bundle radius (a) to square root of cleft width (Vd).

To illustrate the features of the radial voltage profile, we shall apply Eq. 6 to frog atrial
muscle, a preparation which is widely used in cardiac voltage clamping. In this tissue the
individual fibers are long tapering cells which are grouped in bundles (or trabeculae) of a
diameter between 30 and 100 um (Barr et al., 1965; Baldwin, 1970; Connor et al., 1975).
(According to Page and Niedergerke [1972] frog heart trabeculae are surrounded by an
endothelial layer which represents a resistance to radial current flow in the order of 40 Qcm?.
Because this component of extracellular resistance may be minimized by electronic compensa-
tion, it is neglected in this study.) The following values are adopted for the morphological and
electrical parameters of frog atrial muscle: a, bundle radius, 3 x 107 cm (= 30 um); d, cleft
width, 3 x 107¢ cm (= 0.03 um); ., conductivity of the external medium (taken as Ringer’s
fluid), 12 mmho/cm.
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Steady membrane conductance, G,,, is thought to range between 0.1 and 50 mmho /cm2. In
Fig. 2A, the steady membrane potential as calculated from Eq. 6 is plotted vs. the radial
distance for nine different values of G,. Resting membrane conductance under normal
conditions is assumed to lie between 0.1 and 1 mmho/cm2 (Connor et al., 1975; Attwell and
Cohen, 1977). For those low values of G,, the voltage distribution across the bundle does not
greatly deviate from homogeneity. With increasing values of G,,—as are expected e.g. with
elevated levels of external potassium—a striking loss of voltage control occurs in the interior
fibers of the bundle.

It should be stressed that intercellular clefts as narrow as 0.03 um are not typical of all
cardiac structures. Much wider clefts have been observed in mammalian heart muscle. For
example, in rabbit Purkinje strands the individual fibers are spaced ~1 pum apart (Sommer
and Johnson, 1968) and clefts up to 3 um may exist in ventricular preparations of larger
mammals. Obviously in such a preparation the cleft resistance (per unit length) is distinctly
lower and the voltage drop related to extracellular current flow will be much smaller than in a
frog atrial bundle. In a tissue with very wide clefts, larger bundle diameters may be tolerated
at a given voltage error. This is easy to verify from Eq. 6. Because the potential distribution in
a fiber bundle is determined by the a/ /d ratio, the same voltage deviation (u/u,) as in a frog
atrial bundle is expected for a mammalian ventricular preparation with a cleft width 100
times and a bundle radius 10 times as large (provided that the electrical parameters G,, and o,
are the same in both tissues).

Eq. 6 does not only hold for resting membrane conditions but is applicable to any steady or
quasi-steady state of the membrane. The general effect of a cleft resistance in a voltage-
clamped fiber bundle is to shift the membrane potential of the inner fibers from the command
level towards the intrinsic electromotive force of the membrane, i.e., the reversal potential of
total membrane current or equilibrium potential (Shanes, 1958; FitzHugh, 1960). During
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FIGURE 2 (A) Steady potential distribution in a frog atrial bundle during long-lasting voltage or current
clamp at different values of membrane conductance. The abscissa is the radial distance () from bundle
axis relative to the bundle radius (a). The ordinate is the potential displacement u at r expressed as
fraction of the potential displacement u, at the bundle surface. The numbers against the curves are the
membrane conductances (G,) in millimhos per square centimeter. The two top curves refer to
conductances of 0.1 and 0.2 mmha/cm?, respectively. (B) Full line: Apparent membrane conductance )
of a frog atrial preparation as function of actual membrane conductance (G,), calculated from Eq. 8b.
Conductances are given in millimhos per square centimeter. Broken line: Ideal relation G = G,) as
expected in the absence of any cleft resistance.
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excitation, the electromotive force of the membrane is mainly represented by an Na battery.
When a superthreshold depolarizing clamp is applied to a fiber bundle, the membrane
potential of the inner fibers will swing toward the Na equilibrium potential, Ey,, thus
producing some kind of potential spike. As a rough approximation, one may assume that all
fibers of the bundle would reach the same value of peak Na conductance, g, at the same time.
The peak voltage distribution in the bundle may then be considered to be near a steady state
and Eq. 6 may be used to estimate the amount of voltage deviation of the inner fibers, setting
u = (E — En,), 4, = (Egamp — Ena) and G,, = g,. An example of a peak voltage profile
analyzed in this way is given in Fig. 6.

Considering the bundle as a whole, the central fibers (with the highest voltage deviation)
represent only a relatively small fraction of the total fiber population. The mean value of the
membrane potential of all fibers in the bundle is given by

_ . L(rk) 27r
u=u, /,:o I(ak) ©a’ ar. ()

Now zfo z1,(2) dz = {I,($) where I,(2) is the hyperbolic Bessel function of first order. Thus
Eq. 7a can be written

2 I, (ak)

“ ak I(ak) (78)

u=u

Accordingly, the mean value of membrane current density (referred to actual membrane
area) is

I, = Gyt = Gyu, - D(ak)

mUa 2k T(ak) (8a)

This is equivalent to the current-voltage relation in the tubular model of Adrian et al. (1969;
Eq. 12). The term 21,(ak)/akl (ak) is between zero (for large values of G,,) and one (for very
small G,). It represents the alteration of the current-voltage relation caused by the cleft
resistance. From Eq. 8a we obtain the apparent membrane conductance

I 2 I(ak)

., " ak I(ak)’ (85)

The definition of conductance by the I,:u, ratio is analogous to the practical value of
conductance as it results from a straight-forward evaluation of experimental clamp data. Fig.
2 B illustrates the dependence of G (or of I,, at a given voltage u,) on G,,. For sufficiently low
values of membrane conductance, the radial voltage gradient across the bundle is negligibly
small; I, is almost linearly related to G,, and G is close to G,,. With increasing membrane
conductance, the voltage gradient increases; the relation between I,, and G,, deviates from
linearity so that G < G,,. This error, however, is distinctly smaller than one would expect from
an unreflected inspection of the voltage profiles shown in Fig. 2A. With a membrane
conductance of 10 mmho/cm?, the deviation of G from G,, is ~50% although the voltage
control in the interior of the bundle is rather poor. For very high values of G,, the term
I,(ak)/1,(ak) approaches unity and
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" 247G, /(o)
i.e., G becomes related to the square root of G,, (cf. Attwell and Cohen, 1977, Eq. 34).

G,do,, (80)

Q|-

Linear Membrane; Transient Response to Current Step

Time-dependent solutions of Eq. 5 are derived by use of the Laplace transformation. Denoting
the Laplace transform of u(r, t) by U(r, s) we obtain from Eq. 5 the ordinary differential
equation

U 1dU

F + ;E = k*[U + 1sU — 1u,(r)], 9)
where s is the Laplace variable and u,(r) is the voltage distribution at ¢ = O (initial condition
of eq. 5). Assuming u,(r) = O for all r the transformed equation reduces to

dU 14U
Y (10)
where k> = k*(1 + 75). Eq. 10 is formally equivalent to Eq. Sa and its solution is

U(r, s) = CI(rk), (1)

where C is a function of 5. The dependence of C on s is determined by the boundary conditions
of the current or voltage application. If a current of unity strength is applied to the bundle at
time ¢ = 0, the boundary condition is

8
rrald @ =1 or 2“@it)=A forallt>o, (12)
ar ar

where [ is the length of the test node and A = 1/(2wals). (Like membrane current, clamp
current is taken positive if directed inward.) The Laplace transform of Eq. 12 is

d A
d—lrj(a,s)=;. (12a)
From Eq. 11
U (4,5) = Culy(av),
dar
so that
1
skl (ax)

Thus we have

Uy AL A LUk T+ 75) .
s ‘sxll(ax)_sk,[l + rs I,(ak f———l +‘rs)‘
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To obtain the original function u(r, t) from the transform U(r,s) we make use of the
Bromwich integral

u(r,t) = 511-'_-} $ U(r, ) €“ds,

where the integration is taken over an appropriate contour including all the poles s, of the
integrand in the complex s-plane. The poles correspond to the zeros of the denominator in Eq.
13. As the result of the integration, u(r, t) is expressed in the form

u(r 1) = 3 RAr, 1), (14)
»=0

where R, is the residue of U(r, 5) €” at the pole s,. The respective poles and residues are the
following:

(a) The point s, = 0 with

A L(rk)
R, = % Tak)’ (14a)
(b) the zeros s, of I,(ak V1 + 5) with the residues
r
s, ‘,0 (_ aﬂ)
_2de” \a o a.) (14b)

' ak*rs, J,(a)

where J,(2) is the unmodified Bessel function of zero order and the a, are the positive zeros of
the Bessel function of first order, J,(z), beginning with ; = 0. This means that o, corresponds
to ji, = 3.83 in conventional terminology; in general, o, = j,,_, for v > 1. The correlation
between s, and q, is given by

(For details of the calculus of residues, see Doetsch, 1967, p. 138.)

The term R, represents the steady-state distribution of membrane potential, u_(r), and
becomes identical to the formulation given in Eq. 6 when the constant A4 is expressed by Eq.
8a. (A clamp current of unity strength is equivalent to a mean membrane current density of
b+3/4xa’l) The other terms R, are exponentials decreasing with time, the respective time

s“ ak )

Using an abbreviated notation the potential distribution may be written

u(r, 1) = u(r) 3 A1 — e="] (15)

v=1
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where

r
2k & (Z"‘”) I,(ak)
©al + (ak) Jo(a) L(rk)

and i A =1
v=1

The sign of A4, may be positive or negative, depending on the particular values of «, and r/a.
Fig. 3 A illustrates the voltage response to a step current input as it develops with time in a
frog atrial preparation. The top curve is identical to the steady-state voltage profile shown in
Fig. 2 A (G,, = 1 mmho/cm?). The potential in the center of the bundle reaches half its final
value in ~0.8 ms. At the surface of the preparation half-time is ~0.6 ms. Obviously the higher
the membrane conductance, the faster the charging process will be. Fig. 3 B shows the
time-courses of membrane potential change at the bundle surface for different values of G,,.
In all cases the final part of the charging is governed by the respective membrane time
constant, 7 = r, = C,/G,,. This corresponds to the linear part of the semilog plot in Fig. 3 B.
The other exponentials involved (v > 1), with time constants 7, < 7, are represented by the
initial, upward concave part of the plot. For very low membrane conductances, the step
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FIGURE 3 (A) Potential distribution across a frog atrial bundle at various times after application of a
constant current pulse, calculated from Eq. 15. Abscissa: radial distance as fraction of bundle radius;
ordinate: potential displacement relative to the steady potential displacement at the bundle surface (» = a).
Curves are labeled by the times (in milliseconds) after onset of step current. Membrane conductance (G,,):
1 mmho/cm?; membrane capacitance (C,,): | uF/cm? For times longer than 0.3 ms the curves are almost
parallel. This is because voltage at those times is only determined by the terms R, and R, in Eq. 14 and R,
is independent of r. (B) Effect of membrane conductance (G,,) on transient voltage response generated by
step current input to a frog atrial preparation. Abscissa: time after onset of current in units of the
respective membrane time constants (r = C,/G,); ordinate: potential change of the superficial fibers,
expressed as difference between instantaneous and steady potential divided by the steady potential (log
scale). Lines are drawn according to Eq. 15 for » = a and different values of G,, as indicated at the end of
each curve (in millimhos per square centimeters). - In the numerical calculations used for this and the
following figure, summation of the first 20 terms of the solution series ensured an accuracy of 99%.
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current response approaches a simple exponential. With increasing values of G,,, the relative
contribution of the faster exponentials becomes more pronounced. At t = 7, charging is 63%
complete at very low conductances but may reach >80% of the steady level at high
conductances.

Linear Membrane; Transient Response to Voltage Step
When a constant voltage u, is applied to the bundle surface at time z = 0, starting from initial

zero conditions, the boundary condition of the transformed Eq. 10 becomes

U(a, 5) =%. (12b)

Using an analytical procedure analogous to that described in the previous section, we obtain
the solution of the original Eq. 5 again in the form of an infinite series

ll(l', t) =iRy(r’ t)a (16)
v=0
where
I(rk)
o= U (ak) (16a)

is the steady-state voltage distribution, u..(r), and the other terms are transients defined by

MJO(CB”)
R B \a 5y (16b)

* (ak)'rs, Ji(B)

In this notation the B, are the positive roots of J,(z) = 0 (starting with 8, ~ 2.4) and

S

The series may be rearranged to

u(r, 1) = 1) 3 B — e, (17)
v=1
where
r
Jo\=8.
—28, a(a )Io(ak). =
b= s, 56 Lk B 1 forr<a

and
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Current density at the bundle surface is

—  [k1I(ak) i263e“"

] =qu - .
.Iclamp au, Io(ak) alszSy

(18)
v=1
Eqgs. 16a,b and 18 are equivalent to Eqs. 17 and 18 in the paper of Adrian et al. (1969).

Fig. 4 A shows computed solutions to Eq. 17 for various times after application of a step
voltage to a frog atrial bundle. About 0.18 ms are required to bring the potential at the center
to half its steady-state value and the potential change is >95% complete after 0.5 ms. With
increasing radial distance from the bundle axis, the speed of the charging process increases;
for r = 15 um the half-time comes to ~0.13 ms. A comparison of Figs. 4 A and 3 A shows that
the response to a step voltage approaches the steady level much faster than does the response
to a step current. This is a result of the fact that there is no delay in charging the capacitance
at r = a and a very short delay for the fibers near the surface. The rate of charging is not very
dependent on membrane conductance. Fig. 4 B illustrates the time-courses of potential at the
center of the bundle for different values of G,,. In all cases the time constant 7, which governs
the final part of the voltage response is distinctly shorter than the respective membrane time
constant; however, the variation of 7, with varying values of G,, is relatively small. Half-time
of potential change increases with decreasing membrane conductance and is between 0.1 and
0.2 ms.

Active Membrane; Response to Voltage Step

To study the behavior of a nonlinear membrane under double sucrose gap conditions,
numerical computations were made on the model of a fiber bundle endowed with standard
kinetics for fast Na conductance change. For simplicity, the K conductance was taken to be
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FIGURE 4 (A) Potential distribution in a frog atrial muscle strip at different times after sudden
displacement of potential at bundle surface, starting from zero conditions. Abscissa: radial distance plotted
as fraction of bundle radius; ordinate: potential as fraction of surface potential step. Membrane
conductance and capacitance were taken to be | mmho/cm? and | uF/cm?, respectively. The numbers on
each curve are time in millseconds after onset of voltage clamp. (B) [nfluence of membrane conductance
(G,,) on voltage response in the central fibers of a frog atrial bundle to a step change in potential at bundle
surface. Abscissa: time after onset of voltage clamp; ordinate: potential as fraction of surface potential
step. Curves are computed from Eq. 17 for r = 0 and values of G,, between 0.1 and 20 mmho/cm? as
indicated at the right end of each curve. C,, = | uF/cm’.
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constant and ionic components of membrane current other than Na or K were neglected. With
these assumptions Eq. 4 becomes
2

T 1Y gV = Vo) + (¥ = Vi) + CaV)a1] (4a)

ar r dar do,
where the absolute membrane potential £ has been substituted by V, the displacement of
membrane potential from its resting value. The Hodgkin-Huxley (1952b) formulation was
used to describe the Na conductance as a function of voltage and time. (Note that the
terminology employed in this section is identical to the original Hodgkin-Huxley notation:
inward current is taken positive and a negative value of V' means a depolarization from the
resting level.) The following values were adopted for the basic constants: a, bundle radius, 3 x
107* cm; d, cleft width, 3 x 107 cm; a,, conductivity of external medium, 11.5 mmho/cm;
C.,.» membrane specific capacitance, 2 uF/cm?; Vy,, sodium equilibrium potential, —115 mV;
V. potassium equilibrium potential, +2.5 mV; gy,, maximum sodium conductance, 120, 10,
and 1 mmho/cm?; gy, potassium conductance, 0.5 mmho/cm?. The potassium conductance
was chosen to give a resting membrane resistance close to 2,000 Qcm? and a net membrane
current (Iy, + Ix) equaling zero at the resting level with gy, = 120 mmho/cm?. All voltage
clamp calculations were referred to initial resting conditions (V = 0; m_(0) = 0.053; A.(0) =
0.6).

The parabolic partial differential Eq. 4a was converted to discrete form by approximating
the space derivatives on the left-hand side by the centered second and first difference at time ¢,
respectively, and the time derivative on the right-hand side by the forward difference at
distance r. The resulting forward difference equation was solved by a simple explicit method
(Smith, 1969). Stability conditions were met by using integration time steps much shorter
than the time constants of Na conductance change and by setting a suitable ratio of the
increments in time and radial distance (cf. Ames, 1977). The radial increment was taken as
a/32 and the time increment was in the order of 0.5 us. The calculations were done on an
IBM/370-168 computer.

The results obtained with gy, = 120 mmho/cm?® will be considered first. Fig. 5 A illustrates
the time-courses of membrane potential at different radial distances after application of a
50-mV step depolarization to the bundle. During the first few tenths of a millisecond after
onset of the clamp, depolarization spreads from the surface to the center of the bundle as is
expected from passive, resting membrane properties. If membrane conductance were to
remain near gy, the membrane potential of the central fibers would tend to a steady level of
about —44 mV (cf. Eq. 6 and Fig 2 A), that is, a moderate hyperpolarization relative to the
command voltage. After about half a millisecond, however, Na conductance steeply increases
and the membrane potential of the inner fibers far overshoots the clamp potential. In fibers
with a radial distance shorter than a/2, peak voltage, V,, comes close to the Na equilibrium
potential. Those fibers are actually out of control. The overshoot is still as large as 10 mV at
r/a = 0.96. A sufficient voltage control is restricted to the outermost fibers of the bundle.
Because of the nonuniformity of membrane potential, peak Na conductance, g,, is not
constant throughout the preparation; the respective values are 21 and 36.5 mmho/cm? at the
surface and at the center of the bundle. Time to peak Na conductance is ~0.8 ms for the
superficial fibers and 1 ms in the bundle axis. The falling phase of overshoot leads to a level
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FIGURE 5 (A) Transmembrane voltage changes inside an active fiber bundle after application of a
50-mV step depolarization to the bundle surface. Abscissa: time after onset of clamp; ordinate: potential
displacement from resting level at various radial distances, r/a = O (solid curve); 0.5 (dashed curve); 0.75
(dotted curve); 0.875 (dot-dashed curve); 1 (interrupted horizontal line). gy, = 120 mmho/cm?. (B) Early
clamp currents of an active fiber bundle (full line) and of a free patch of membrane (dashed line)
associated with a 50-mV step depolarization. Curves are normalized with respect to peak current value.
The clamp current of the bundle was calculated according to Eq. la.

slightly above the command potential. (When the terms “above” and “below” are used to
describe the relative position of two membrane potentials, it is meant that the upper level is
depolarized relative to (in our terminology more negative than) the lower one.) This is the
result of a small amount of Na conductance increase (~0.6 mmho/cm?) persisting after
inactivation (cf. Noble, 1966). In spite of the inadequacies of voltage control, the kinetics of
the inward current wave are not grossly distorted. Fig. 5 B shows the total clamp current (in
relative units) and the corresponding membrane current of a single space-clamped patch of
membrane endowed with the same Na and K conductances but without any external series
resistance. There is only a slight difference in the time to peak inward current and the
apparent time constant of Na inactivation is ~1.4 ms for the bundle compared to 1.15 ms in
the control.

Computations similar to those illustrated in Fig. 5 A were done for depolarizing voltage
steps of varying amplitude. With strong depolarizations, peak Na conductance was almost
constant across the bundle, regardless of the voltage deviations, and the radial profile of peak
voltage was closely fitted by the steady-state voltage distribution calculated from Eq. 6 by
setting G,, = g,, u = (V — Vy,) and u, = (Vuump — Va). An example is shown in Fig 6.

Clamp current density at the bundle surface is given by

= 222 (22
.Iclamp = b\/§ ar a' (la)

Because 1 cm? of bundle surface is equivalent to 2a/(b+/3) cm? of actual membrane area, the
mean value of membrane current density is

da, [V
)
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FIGURE 6 Solid line: Peak voltage profile across an active fiber bundle computed for an 80-mV step
depolarization of the bundle surface. Abscissa: radial distance in relative units; ordinate: peak voltage at »
expressed as the difference u = (V, — V) divided by the reference value of bundle surface, u, =
(Veump — Via). Peak Na conductance is between 35 (at the bundle surface) and 37 mmho/cm’ (at the
center). Interrupted line: Steady voltage profile in a passive fiber bundle calculated from Eq. 6 with G, =
36 mmho/cm? (corresponding to ak = 6.13).

In our analysis the factor da,/(2a) was 5.75 x 107> mmho/cm and the derivative (3V/dr) was
approximated by the difference ¥(a) — V(31/32 a) divided by a/32.

Fig. 7 A shows a family of membrane currents, 7,(¢), computed for a series of step
depolarizations ranging from 10- to 120-mV amplitude. At first glance the membrane current
pattern resembles what one would expect from a proper clamp. A detailed inspection,
however, reveals typical aberrations from ideal space clamping. In Fig. 7 B the peak early
currents, I,, taken from Fig. 7 A are plotted vs. the membrane potential during clamp,
together with the ideal current-voltage relation for a membrane patch. Both curves intercept
the voltage axis very close to the Na equilibrium potential. The most obvious alterations seen
for the I-V relation of the bundle are (a) an exaggerated steepness of the negative slope region,
combined with a shift of maximum 1/, to the left of the voltage axis, (b) a depression of the
maximum value of I, and (c) a decreased slope of the positive region of the current-voltage
curve. Because of the shift of the curve, there is a range of potential at which peak current
density of the bundle is larger than the control and another at which it is smaller than the
control.

A maximum Na conductance, gn,, of 120 mmho/cm?® as derived from squid axon data
might be an overestimation for structures of working myocardium. According to Beeler and
Reuter (1977) the fully activated Na conductance of mammalian ventricular fibers, assessed
from the action potential spike, is not more than ~4 mmho/cm? (see also the values reported
by McAllister et al. [1975] and Schoenberg and Fozzard [1979] for Purkinje fibers). For the
frog heart a similar estimation seems valid. Maximum rising velocity of the ventricular action
potential was found to be as low as 20-50 V/s (Antoni and Delius, 1965; Niedergerke and
Orkand, 1966); similar, or even lower, values apply to frog atrial muscle (Kern et al., 1971; de
Hemptinne, 1976). Assuming that the membrane current during the rising phase is mainly
carried by Na ions and membrane capacitance is 1-2 uF/cm? maximum Na current during
the upstroke amounts to 100 gA /cm? or less, corresponding to a peak Na conductance of 1-2
mmho/cm®. Thus it seems reasonable to set gy, to a relatively small value of 10 mmho/cm?
for the case of frog atrial muscle.
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FIGURE 7 (A) Membrane currents of an active fiber bundle at various step depolarizations. Abscissa:
time after onset of clamp; ordinate: mean membrane current density referred to actual membrane area.
Numbers on the curves are depolarizations from resting level (in millivolts). gx, = 120 mmho/cm?. (B)
Comparison between the peak inward current-voltage relations for a fiber bundle (open symbols) and for
an active patch of membrane with no series resistance (filled symbols). Data are referred to zero current.
Patch current is shown in half its actual value.

Fig. 8 A shows the computed voltage distribution in a frog atrial preparation after a 50-mV
step depolarization. Regenerative Na activity is still present but strongly reduced compared
with the case treated above (Fig. 5 A). The overshoot reaches 14 mV at the bundle axis. The
steady potential attained at the end of the clamp is a small hyperpolarization with respect to
the command voltage, indicating a predominance of gy over the residual gy,. Peak Na
conductance, g,, is almost constant throughout the bundle (1.75 and 1.85 mmho/cm2 at the
surface and at the center, respectively). Fig. 8 B presents the mean membrane current of the
bundle and the control current of a single patch of membrane under ideal clamp conditions
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FIGURE 8 (A) Transmembrane voltage changes in a frog atrial fiber bundle in response to a 50-mV step
clamp. Curves are labeled as in Fig. 5 A. gy, = 10 mmho/cm?. (B) Full line: early clamp current of a frog
atrial bundle (referred to the level of steady outward current); dashed line: fast Na inward current of a free
membrane patch during a 50-mV step depolarization.

(normalized configuration). The time-course of Na inactivation, assessed from the decay of
inward current, is almost the same in the two tracings. Time to peak inward current is ~1.5
ms for the bundle and 0.8 ms in the control. When comparing Figs. 5 B and 8 B, we see that
for a smaller value of gy, the apparent time-course of Na activation is more delayed relative to
the true H-H kinetics than for a high value of gy, (cf. Fig. 3 b in Jakobsson et al., 1975). This
appears to be because the turn on of Na current which helps to depolarize the deeper-lying
membranes is less effective in case of a lower Na conductance. Different rates of depolariza-
tion of the inner fibers at different values of gy, are clearly seen in Figs. S A and 8 A.
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FIGURE 9 (A) Membrane current simulations for a frog atrial fiber bundle; gy, = 10 mmho/cm®. The
clamp potential was varied in 10-mV steps. Numbers against the curves are depolarizations from resting
level. (B) Current-voltage diagrams for peak early inward current of a frog atrial bundle (0) and for peak
I\, of a free membrane patch (@). The current data of the bundle are referred to the respective steady
outward currents.

HaAAs AND BROMMUNDT  Clefts, Potential, and Current in Multifiber Bundles 343



Fig. 9 A shows a family of membrane currents computed for step depolarizations of 10—140
mV amplitude. The 10-mV step is a “subthreshold” depolarization and the current tracing is
very similar to the response predicted by Eq. 18 for G, = 0.5 mmho/cm® With higher
depolarizations, downward deflections occur resembling Na inward current waves. An
unexpected finding is that the 120-mV clamp which is nominally above the Na equilibrium
potential produces a transient inward current (relative to steady current) rather than the
presumed transient outward current. This phenomenon is understood by the following
consideration. The intrinsic electromotive force resulting from constant gg (= 0.5 mmho/cm?)
and activated gy, in the order of 4 mmho/cm? is about — 102 mV. The membrane potential of
interior fibers which are not adequately controlled therefore tends to values below — 115 mV.
Actually, the membrane potential does not exceed — 107 mV in the axis of the bundle. Thus
the central fibers will produce a Na inward current. There is only a thin layer of cells that are
at membrane potentials above — 115 mV, thereby generating an outward Na flow. Fig. 9 B
shows the peak inward current-voltage relation for the bundle and the corresponding plot for a
membrane patch under ideal conditions. Again the current-voltage curve of the bundle
exhibits a shift of maximum /, in the hyperpolarizing direction and a decreased size and slope
over the positive region. However, the deviations from ideal configuration are less pronounced
than those seen in Fig. 7 B. The positive limb of the I-V curve projects a reversal potential
which is clearly beyond the Na equilibrium potential. (A similar phenomenon was described
by Jakobsson et al., 1975).

Finally, the case of a very low conductance, gy, = | mmho/cm? will be considered. This
case might be of interest for experimental conditions in which most of the Na channels are
blocked by tetrodotoxin. Furthermore, a conductance of 0.25 mmho/cm? has been assumed
for the secondary, slow inward current in myocardial tissue (Bassingthwaighte and Reuter,
1972). Fig. 10 A illustrates the computed voltage pattern in a frog atrial bundle during a
50-mV step depolarization. At all times the inner fibers are hyperpolarized with respect to the
command voltage; activation of the Na system is manifested by a small (<3 mV) overshoot
relative to the steady-state potential. Peak inward current conductance, g,, is 0.175 and 0.134
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FIGURE 10 (A) Transmembrane voltage changes across a frog atrial fiber bundie with a very low Na
conductance (gy, = | mmho/cm?) during a 50-mV step clamp. Curves are labeled as in Fig. 5 A. (B) Full
line: early inward current of the bundle (referred to the level of steady outward current); dashed line:
control current of a free membrane patch during a 50-mV depolarization. Both curves are normalized with
respect to their peak values.
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at the surface and the center of the bundle, respectively. The observation that g, is smaller in
central fibers than in peripheral fibers at gy, = 1 mmho/cm’ contrasts to what has been found
with gy, = 10 or 120 mmho/cm®. The difference is explained by the fact that the peak
potential of the inner fibers is below the command level with gy, = 1 mmho/cm’ whereas it is
above this level with the higher conductances (Fibs. 5 A and 8 A). In Fig. 10 B the mean
membrane current of the bundle and the control current of a single patch of membrane are
shown. Again the time-course of decay of inward current is almost the same in the two
tracings, with a delay of ~1 ms for the bundle current. Fig. 11 A presents the membrane
currents of the bundle associated with clamps of 10-130 mV amplitude. At any level of
depolarization net current is directed outward throughout the clamp. Between 20 and 110 mV
small downward deflections, representing transient inward current, are superimposed on the
current pattern resulting from capacitive and steady K current. Time to peak inward current
is in the order of 2 ms, that is, development of inward current is slowed by a factor of 2-5
compared to the true H-H kinetics. This error is similar to, but more pronounced than, the
apparent delay of Na activation observed with the higher conductances. Fig. 11 B depicts the
peak inward current-voltage relation of the bundle and the control curve of a membrane patch
at gy, = 1 mmho/cm The error in size of inward current is of the same order as was found
with gy, = 10 mmho/cm?

DISCUSSION

The above simulations clearly demonstrate the inadequacies inherent in voltage or current
clamp experiments on multicellular, bundle-like structures in a double sucrose gap. The
presence of a marked resistance in the intercellular clefts prevents a strict uniformity of
membrane current and potential across the bundle, thereby introducing systematical devia-
tions from ideal space clamping. The question then is whether the irreducible errors in voltage
or current control may be accounted for and conclusions can be drawn regarding actual
membrane properties.

Resting membrane parameters are investigated by application of small voltage or current
steps which do not significantly alter the state of the membrane. The current and voltage
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FIGURE 11 (A) Clamp currents of a fiber bundle with gy, = 1| mmho/cm? during step depolarizations of

varying amplitude. Depolarization from resting level (in millivolts) is given at the end of each current
tracing. (B) Comparison of the peak inward current-voltage relations for the fiber bundle (0) and for a free
patch of membrane (®). Current data of the bundle are referred to the respective steady outward
currents.
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responses may be evaluated by the analytical approach described in Results provided that the
geometry of the preparation (bundle radius a, fiber radius b, cleft width 4, node length /) and
the conductivity of the extracellular fluid (¢,) are known. The measured total clamp current
of a cylindrical bundle is related to the mean membrane current density by the factor
4na’l/(b V3). The time-independent values of membrane current density (/,,) and membrane
potential at the bundle surface (u,) yield the apparent membrane conductance G = '] Ua)-
The relation between G and the true membrane conductance (G,,) is determined by Eq. 8b.
With given values of a, d, and a,, the right-hand side of this equation is a (monotonical)
function of G,, (because k = 2VG,,/da.). Unfortunately, Eq. 85 cannot be solved explicitly for
G,,. It is therefore necessary to determine G,, from a G vs. G,, plot as is shown in Fig. 2 B for a
frog atrial preparation. From a semilog plot of the transients related to the onset of a current
step, the membrane time constant (r = C,,/G,,) and consequently the membrane capacitance
(C,,) can be obtained (cf. Fig. 3 B). The transients related to a voltage step may also be used
to estimate 7 or C,, (cf. Eq. 18).

It should be emphasized that, for practical purposes, the above correction procedure for
determination of steady membrane conductance is not more than a rough approximation. The
correction factor derived in the present study depends on several parameters which may not be
uniform throughout a real preparation (e.g. cleft size and external conductivity) and implies a
number of assumptions (e.g. isopotentiality of the fiber interior) which are not strictly realized
under sucrose gap conditions. Thus the “corrected” data will still be erroneous to some
extent.

The parameters of an active, nonlinear membrane are more difficult to elaborate. From the
computations presented above it is obvious that, in general, voltage clamp experiments on a
fiber bundle do not allow a complete, quantitative analysis of early excitatory inward current.
However, a rough estimation of some parameters of the Na system might be achieved. A
parameter of particular interest is the limiting Na conductance, gy,, i.¢., the maximum value
of Na conductance that can be attained by strong depolarizations from the resting level.
Under ideal clamp conditions, gy, is essentially equivalent to the slope conductance of the
positive region of the peak inward current-voltage relationship. In a multifiber preparation
with a high Na conductance (e.g. gy, = 120 mmho/cm?) all fibers will undergo a rapid
potential change and any individual fiber may reach a peak Na conductance near gy, during
strong depolarizing clamps. However, the driving force for peak Na current, (V, — Vy,), is
much smaller for the poorly controlled interior fibers than for the properly clamped superficial
ones. This is a direct consequence of the distinct voltage overshoot of the inner fibers (cf. Fig.
5 A). Thus the apparent positive slope conductance, G,, obtained from a bundle will be
smaller than the true gj, value (Fig. 7 B). This error could be accounted for by a procedure
analogous to the correction on resting membrane data outlined in the preceding paragraphs.
Provided that the activated Na conductance far exceeds all other membrane conductances,
the peak voltage profile related to a strong depolarization may be approximated by a steady
potential distribution as would result with a constant membrane conductance equal to gy, (cf.
Fig. 6). With this assumption, gh, can be read off from an appropriate G — G,, curve. As an
example, we consider the I-V relations shown in Fig. 7 B. In this case the positive slope
conductance of the bundle is ~11.5 mmho/cm® whereas the slope conductance of the control
amounts to ~43 mmho/cm?”. On the other hand, a membrane conductance of 40 mmho/cm’ is

346 BIOPHYSICAL JOURNAL VOLUME 30 1980



obtained from the G vs. G,, plot in Fig. 2 B at an apparent membrane conductance of 11.5
mmbho/cm?. (The approximative nature of the correction procedure should be stressed again.)
In a preparation with a low Na conductance, the situation is more complex. With gy, = 1
mmbho/cm?, the driving force for peak Na current during depolarizing clamps is larger in the
inner fibers than in the periphery of the bundle but depolarization of the inner fibers is so
much delayed that appreciable part of the Na conductance is inactivated before the peak is
reached (Figs. 10 A, B). Because of this inactivation, the mean membrane current over the
positive limb of the peak current-voltage relation is again smaller than the control current
(Fig. 11 B).

The difference between the reciprocal values, 1 /5‘, and 1/gn,, may be interpreted as the
effective extracellular resistance of a bundle to radial current flow. With the values cited for
Ena = 120 mmho/cm’, the effective series resistance comes to about (1/11.5) — (1/43) =
0.064 kQcm’? = 64 Qcm?®. This value is smaller by one order of magnitude than the lumped
series resistance proposed by Kootsey and Johnson (1972) in their single fiber model of
ventricular muscle (500 Qcm?). In that model (which is also based on a maximum Na
conductance, gn,, of 120 mmho/cm?) the positive slope conductance of the peak inward
current-voltage relation is not more than 1.7 mmho/cm? which is nearly identical to the 2
mmho/cm? expected from the series resistance alone (cf. Fig. 4 A of their paper). This led the
authors to the statement “that the shape of the peak current-voltage plot tells us almost
nothing about the membrane properties.” The results presented here suggest that the
significance of Na current measurements on bundle-like structures may not be as poor as
inferred by Kootsey and Johnson. In our model the discrepancy between the apparent Na
conductance (G,) and the actual value (gk,) is about fourfold rather than in the order of
25-fold as is predicted by the Kootsey-Johnson model. For the frog atrial preparation with a
lower Na conductance (gn, = 10 mmho/cm?) the discrepancy is reduced to about twofold (cf.
Fig. 9 B).

Furthermore, there are some properties of the Na system which are usually determined
from Na current spike ratios rather than absolute Na currents. For a fiber bundle those
measurements would seem to be meaningful provided that the relative error (the percent
deviation of the measured peak Iy, from the ideal value expected in the absence of external
series resistance) is almost constant in the Na spikes to be compared. Under these conditions,
a correction of the individual Na currents would be dispensible. For example, the time-course
of Na reactivation at the resting level (= recovery from inactivation after cessation of a
depolarizing clamp) could be pursued by the conventional pulse arrangement consisting of two
identical depolarizing clamps applied at various intervals (Hodgkin and Huxley, 1952a).
Assuming that (a) depolarization is strong enough to produce full activation of the Na system
in any fiber of the bundle, (b) the time required for full repolarization of any fiber after the
break of the conditioning pulse is short relative to the duration of the interval and (c) the
factor relating peak Iy, and g, is essentially the same for the conditioning pulse and the test
pulse, the spike ratio would give a reasonable approximation of the g, ratio and the degree of
recovery attained at the beginning of the test pulse could be determined as a function of the
time interval between the two pulses. The first and the second condition may be met by a
proper choice of the pulse arrangement. The third condition cannot be strictly fulfilled
because the relation between peak Iy, and g, is expected to vary with the absolute amount of
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Na conductance. However, this error can be minimized by considering only those test spikes
which are not too small relative to the reference spike. For a test spike which is two-thirds of
the reference value, the actual g, ratio would be between one-half and two-thirds. This
estimation is based on the assumption that the relation between peak Iy, and g, is similar to
the G — G, curve shown in Fig. 2 B. For smaller test spikes, a theoretical correction of both
reference and test spike would be necessary. A similar problem is the determination of the
steady-state Na inactivation (h.) curve from normalized Na current spikes related to various
prepotentials.

Another parameter which could be estimated from voltage clamp experiments on a fiber
bundle is the maximum rate of the Na inactivation process. In the simulations presented
above, the time-courses of inward current decay during a depolarization of 50 mV or more
were quite similar on the fiber bundle and in the controls (cf. Figs. S B and 8 B). This is
mainly a result of the fact that the time constant of Na inactivation (r,), as a function of
membrane potential, approaches a constant minimum (~1 ms in the H-H formulation) with
increasing depolarization. (The respective values for V' = —50 and —60 mV are 1.15 and 1.05
ms.) Thus a voltage overshoot of the inner fibers in response to a step depolarization of the
bundle surface is not expected to cause a serious distortion of the Na inactivation kinetics and
an analysis of the falling phase of inward current is likely to give an approximate value of
minimal r,.
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